THE BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF IN THE 
WHOLE SPACE: II, GLOBAL EXISTENCE FOR HARD POTENTIAL 
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Abstract. As a continuation of our series works on the Boltzmann equation without angu- 
lar cutoff assumption, in this part, the global existence of solution to the Cauchy problem 
in the whole space is proved in some suitable weighted Sobolev spaces for hard potential 
when the solution is a small perturbation of a global equilibrium. 
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PLh ' 1- Introduction 

This paper is among the series works on the Boltzmann equation with non-angular cutoff 
r"| , cross-section and it follows the paper |7| (herein referred as Part I), extending our initial 

work J5]|6l on the same problem for Maxwellian molecule. Consider 

(1-1) f, + v-V x f = Q(f,f), /U> = /o. 

Recall that the right hand side of ( 11.11 ) is the Boltzmann bilinear collision operator, which 
C^J ' is given in the classical cr-representation by 

O ; where f'„ = f(t, x, v'J, f = f(t, x, v'), /» = f(t, x, v*), / = f(t, x, v), and for cr e § 2 , 

I/"") ' , v + v„ |v — v»] , v + v„ |v— v» 

o 
o 



Q(g, f) = f f B (v - v., cr) [g'J' - g,f} dcrdv* . 

Jv? Js 2 



Ov 1 cr, v„ = cr. 
2 2*2 2 



As in our previous papers, we assume that the cross-section takes the form 

(1.2) B(v-v„cos#) = <D(|v-v»|)fc(cos0), C osfl= V ~ V * ■ cr, O<0<-, 

k> |v-v.| 2 

^_i ■ in which it contains a kinetic factor given by 

d>(|v-y«|) = fD y (|y-v«|) = |v-y»r, 

and a factor related to the collision angle with singularity, 

b(co&0) x K0- 2 - 2s when 9 -> 0+, 

for some constant K > and a parameter < s < 1 . Notice that this includes the potential 
of inverse power law as a special example. 

And the setting of the problem is for perturbation of an equilibrium state, without loss 
of generality, that can be normalized as 

Ai(v) = (2^)-ie-^. 
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In order to avoid the unnecessary repetition, readers can refer to Part I, comments and 
references. Here, we just refer the references ll9l [lOl fTTl [171 [181 [l9ll for the general back- 
ground of the Boltzmann equation and the recent progress on the mathematical theories for 

the case without angular cutoff, ||T]|2||3]H]0|6]|7]H[14][15][16]. Hence ' we now directr y 
go to the Cauchy problem for the perturbation denoted by g — pT '- (f - p) 

(13) f gt + v-v x g+£g = r(g,g), t>o, 

1 g\r=o = go- 
In the following discussion, we will show that this equation can be solved in some weighted 
Sobolev spaces defined by: for k, ( e R, set 



fl*C4 iV ) = {/ e S'{R% V ) ■ W e f e ff*(R*_ v ) } , 



where R£ = R 3 x R 3 and W e (v) = (v) e - (1 + \v\ 2 ) e/2 is the weight with respect to the 
velocity variable v e R 3 . 

Note that in Part I, we introduced a new norm for the description of the dissipation and 
coercivity of the linearized collisional operator. Some properties of this norm together with 
some estimations on the upper bounds for the nonlinear collision operator were also given 
there. And we studied the Cauchy problem for the soft potential case, that is, the case when 
y + 2 s < (recall that this terminology is an extension of the cutoff case, which loosely 
speaking corresponds to the case when s = 0). 

Along this direction, this paper is for the hard potential case, that is, when y + 2s > 0. 
Note that in particular this includes the case of the Maxwellian molecule. But this latter 
case was already considered in f5]|6]. 

The main result of this paper can be stated as follows. 

Theorem 1.1. Assume that the cross-section satisfies ( 11.21 i with < s < 1 and y + 2s > 0. 

Let go £ //*(R 6 ) for some k > 6, £ > 3/2 + 2s + y. There exists so > 0, such that 
if\\go\\H k (R 6 ) — £ o, then the Cauchy problem (11.3b admits a global solution 

*eL"([0,+oo[; H k c (R 6 )). 

Remark 1.2. The uniqueness of the solution obtained in Theorem U .l\ will be proved in 
[HQ in the general setting, together with the non-negativity of f — \x + p'-g. Recently, a 
similar global existence result for the inverse power law was proved in II 141 1151 by using 
different method in the setting of torus. The method used here is simpler by using the 
newly introduced non-isotropic norm which essentially captures the coercivity property of 
the linearized operator. Note that this method can be applied to the Landau equation that 
leads to the same global existence result obtained in II 121 . Therefore, it is expected that this 
method can also be used for other kinetic equations. 

The rest of the paper will be organized as follows. In Section 2, we recall some ba- 
sic lower and upper bound estimates on both the linearized and nonlinear operators from 
Parts I, With these estimates and some others valid for hard potential, the local and global 
existences will be proved in Sections 3 and 4, respectively. 
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2. Functional estimates of collision operators 

First of all, let us recall the non-isotropic norm introduced in Part I associated with £,. 
Corresponding to the cross-section <6(|v - v„,|)Z?(cos 8), it is defined by 

l r = fff *(|v - v.DMcos 0)V* ig' ~gf 

+ fff®Qv-v,\)b(cose)gl(^ -^f, 

where the integration is overRj xR^ xSS^.. Without any ambiguity, sometimes we simply 
use HI -III for HI- |||o r . 

This norm was shown to be useful for the study on the soft potential. And here, we will 
show that it works well for the study on the hard potential. In the later discussion, we need 
the following propositions proved in the previous two parts in this series. 

Proposition 2.1. (Prop. 2.1, Qj Assume that the cross-section satisfies ( 11.21 i with < s < 
1 and y > -3. Then for g e N ± 

\\\g\\\l r * (£g, g) L2(Rl) < 2{£ lg , g) L2(Rl) < \\\g\\\l r , 

where N is the null space of £. defined in Part I. 

Proposition 2.2. (Prop. 2.2, Qj Assume that the cross-section satisfies ( 11. 2t with < s < 
1 and y > -3. Then 

llsl&v ( R5) + WsWl M) ^\\\g\\\l^\\g\\ 2 H , M:) - 

Proposition 2.3. (Theorem 1.2, ) Assume that 0<5<l,y + 2i>0. Then 

\(T(f,g), h) L2{m \ < {\\f\\ Ll J\g\U r + ||g|| L 2 +r/ J||/||| 0r }|||/z||| 0r . 

Note that the above estimate on the nonlinear collision operator is not enough for the 
proof of global existence because of the weight in L 2 s+ /2 . For this, we need to combine this 
with the following proposition. For the proof of the following proposition, we first recall 
an upper bound estimate for a modified kernel O y (z) = (1 + |z| 2 ) r ^ 2 , cf. Theorem 2. 1 in |4|. 
That is, for any < s < 1, y 6 R and any m, a e R, we have 

(2.D iiG* r (/, tfiifl-pj) < ii/iiL: ++(r+2i)+ «)ii^iiv + 2 ; +2l , + ^) • 

Proposition 2.4. Let < s < 1, y + 2s > 0. Then 

\(T(f,g), h)\ < \\\h\U y {\\f\\q ii+2sn+e \\g\\j%%n + lll/IIMdk,-}. 

Proof. As in Part I, we apply the decomposition on the kinetic factor in the cross-section: 
Let < (f>(z) < 1 be a smooth radial function with 1 for z close to 0, and for large value 
of z. Set 

<D y (z) = %(z)4>(z) + %(z)(l - <P(z)) = <D e (z) + <D ? (z). 

We denote by r c (-, -)>re(-, •) the collision operators with the kinetic factors in the cross- 
section given by <& c and Of. respectively. Note that 

(v(f, g ), h) = (r c (f,g), h) + (r,(f,g), h). 
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Note that 

+ ill 3>c(|v~v»|)&(cos0)(-v£T - \fJJi)f*g'hdv*d<Tdv. 



Since Og < O r , as shown in the Proposition 3.5 of 0, we use d2.U with m - 0, a 
-s - y/2 to have 

(<2e( \fc/, *), A^j ^ PllLj +r/2 ( R 3)ll ^/ll^aftllsllfl^oe) 

£ II/IIl 2 (r 3 )II^Hh 2 ^ /2 (r3)PIIl2 +) , /2 (r3)- 

On the other hand, we can write 

rrr«D 5 (|v-v,Dfc(cos0)(^: - ^)fig'hdv*d(rdv 

= fff (D g (|v - v„|)£(cos 6)(<4JU- ^ )/,' g'(^ - h')dv*dcrdv 

+ fff 3>c(|v - v.DMcos 0)( ^77 - ^4 )/ t ' g'h'dvjtrdv 
= £>i + £> 2 ■ 

By the Cauchy-Schwarz inequality, one has 

.1/2 



IBil < Q](]f ^ " v«l)fc(cos0)|/;| 2 |g'| 2 (Ou,) 1/4 - QJ*) 1/4 fdv,d<rdv 

x f j|T<t> f (|v - v.D*(cos 6>)(/4 /4 + (K) 1/4 ) 2 (/i - h'fd\\d(rdv 
As Lemma 2.6 in |7], for 7 + 2s > 0, we have 

fjT^Gv - v»|)fo(cos0)|/:i 2 |g'| 2 (0u») 1/4 - Qx:) m fdv,do-dv 

$ff\v-v*r 2s \f*\ 2 \g\ 2 dv t dv 

ff \f,\ 2 \g\ 2 <v) 2s+y {v*) 2s+7 dv t ddv 



1/2 



< 



and 



fff O^tcosfl)^ 4 + (X) 1/4 ) 2 (/z - h'fdv»d<rdv 

< 4 f f f o^cos %y 2 (/i - h'fdv^o-dv < w\h\w 2 % . 



Therefore, we obtain 

lOll ^ ll/lli^ (R^HgHfl^ ^IPIII*, 
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For the term D2, we have by using the symmetry in the integral to have 
hi ®cb(cos 0)( Va^ - y/fZ )/„' g'h'dwdcrdv 

- Ill <&cb(cos 6)( yfiZ - VI"* )/« ghdwdcrdv 

\f*\\g\\h\(v) 2s +v{v*) 2s *?dv*ddv 



£ ll/llz 



g\k 



3)ll"llL 2 _ 



III* fRSjIlgllz* (R3)l|A|li2 „( 

3/2+2s+y+e v ' ,s+y/2 v ' ,v+y/2 v 



Hence 



™ * ll/Il^^^jllgH^O 



3)ll"llL 2 



Therefore, it follows that 

Next, similar to the arguments used in Part II, we have 

|(r f (/, g), , h)\ < ( jjj W>cA'\M ~ /. gfdrtvdv.) 



Z 2 + fR^ILgllff 2 * „lll"IIIO y 

3/2+2.T+y+e v ' s+y/2 ' 



1/2 



^ 2 



Since 



a>, ■ 



O r < O 



r 



we have |||/i|||o, ^ IPIIlay ar >d 

A <(\\\f\\\l r \\g\\l,, +ll/II^IIg|l^ /2 , I) }. 
Then, for y > -2s > -2, we have —y/2 < 1 and 

|(T c (/, g), h) L2m \ < {|||/|||o y IIgllL» + ll/lbllslltfJlPllloy 

And this completes the proof of the proposition. □ 

In the following, we also need the following estimate on the commutator of the weight 
function Wt and the nonlinear collisional operator F( •, • ) that follows from Proposition 
2.17 in Q. 

Proposition 2.5. Assume that < s < 1 and y + 2s > 0. Then, for any € > 0, one has 

\(w f r(f,g)-r(f,w cg ), h) LHR J < {n/ib \\g\\ Lj +\\g\\ L2 ji/ib }ipuio y . 



3. Local existence 
First of all, the Leibniz formula gives 

dPT{f, g)= £ C a ftAnfl* /, ^g, // A ) , 



with 



7-(F, G, fa ) = G0"A F, G) + (JVlv - v,|)Mcos0)(( A / A )« - (^3): )F'&'dv*d<T, 
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where ^ - pp 3 (v) yfjKy) — eft 3 ( ^fjl ) is a Maxwellian type function of the variable v in the 
sense that it is a product of a polynomial and a Gaussian. As noted in the previous parts in 
this series, one can check that T(F, G, fip 3 ) enjoys the same properties as F(F, G) stated 
above. Therefore, we will apply those estimates obtained for T(F, G) to T(F, G, p^ ). 

Define the norm associated with the collision operator in the variables (x, v) by setting 
formeN,^eR, 

S?(R^ V ) = \g € S'(R XV ); Hgll* = V f \\\We^ v g(x, -)\\\ldx < +00 . 
1 f lfeW R ' J 

First of all, recall 

Lemma 3.1. (Lemma 4.1, \1\) For any t>0, a,/3 e N 3 , 

UW&aZ Pg\\, K(m + mw&tf g)\\ Km < c tfi w xg \^ m , 

Ca\\g\\\ m - CiHgH^j < (Zg, s) £2(R6) < HIslH^, 
where Cq and C\ are some positive constants, and 

"#"l 2 y (R 6 ) + l^lli 2 (Il5;H-' T (RJ)) ~ ll^lis»(R6) ~ I^Hl 2 (RJ;H' t (R?)) - 

Here P is f/ie projection to the null space N. 

We are now ready to prove the following estimate. 
Proposition 3.2. Let y + 2s > 0, N > 6, t > 3/2 + 2s + y. Then, for any j3 e N 6 , |/?| < N, 

\(WtdP x , v T(f, g), h) L2(R6) \ £ {Wh?®*) \\g\\s»(R*) + ll/Hs^R 6 ) l^llnfOR")} Plls»(R6)- 

Proof. By using the Leibniz formula, we have 

(WtSPrtf, g), h) = 2 C AAA {(7-(^'/, Wi a«» ft Afe ). a) 

+ (Wi 7-(^'/, ^ MA ) " T(^7, W t b^g, up, ), ft)} . 

If |/3 1 1 < AT - 3, we get from Propositionl23lthat 
\{T{cf\fW ( ^g, m \ A) L2(R6 J 

\l/2 

(ll^7lli2 (RS) IIIHW fe *llll + H^/llLllWi^ll^ (R3) H p|u R6) 

i y/2+j^ "' ' ' s+yj2^ v ' j u 

£ ll/llHj , +2! (R 6 )lll^lllsf(R 6 )PllB|J(lR'i)- 

On the other hand, if \P\\ > N - 3, then |y3 2 ] < 2 < N - 4. In this case, Proposition |2~4| 
implies, 

|(r ( ^/,w f ^,^), ft)^ 

£ Plliigai^tll/ll^^a^ll^^lli-aeifl^'iK)) + IW^IIi-at^'/llajj) 
~ (ll/H^ /2t2l+r+e (R 6 ) HWf fl^gll^wi+s/zw^ + ll/llgisii II^^ 2 ^IIh3«(r6))|I^II®» ( r6) 
£ (ll/llfff(R6) Hglls? + ll/llg^ii H5llH*fft«))llAlls»ai«) • 
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Finally, Proposition ^. 5l vields 

\(W e T(^f, dPig, m ) - T(cf'f, Wfd^g, Afe ), h) LHm \ 

s (ll/ll^(R6 ) \\g\\ s * + ||/|| B « \\g\\ H ?(v,0))\\ h \y o m ■ 

The combination of the above estimates completes the proof of the proposition. □ 

For the linear operator X.2, Proposition 4.5 of Q and the commutator estimate give 
Proposition 3.3. We have for any fi e N 6 , 

\(We% v £ 2 (f), h) L2(R6 j < C (M \\f\\ H f\m \\n in0i h\y m - 
By using the interpolation inequalities 

IWIfl* . ^ e\\g\\ H N + C e \\g\\ H », 

f+y/2 f+y/2+s t 

for any small constant e, the following proposition follows from the same argument given 
in Proposition 4.8 of Q. 

Proposition 3.4. Let y + 2s> 0,/3 e N 6 , \/3\ >0J> 0. Then 

\{Ci(w c dP x , vg ) - wedi^ig), h) L2{R6) \ 

* (lWlflf»«) + IISlls^'CR')) IWIs°(R«) > 
and for any e > f/zere exists a constant C e > .smc/z f/iaf 

|(XiWg)- w^icg), a) l2(R6) | <iisiiL ?+r/2(R6) Pii s ^) 

^ { e IL?lla?(R 6 ) + Cellgllz,^)} Pllgo^) . 

We are now ready to show the local existence of solutions in some weighted Sobolev 
spaces. Consider the following Cauchy problem for a linear Boltzmann equation with a 
given function /, 

(3.1) d,g + v ■ V x g + Lig = r(/, g) - Lif, g\t=o=go, 

which is equivalent to the problem: 

d,G + v • V,G = Q(F, G), G|, =0 = G , 

with F - i-i+ -\fjlf and G - fi + -\fjlg- 

We shall now study the energy estimates on ( 13.1b in the function space H^(M. 6 ) for a 
smooth function g. For N >6J > 3/2 + 2s + y and/? e N 6 , |/8| < N, taking 

<p(t,x,v) = (~l) m bi v W2 e dP x , v g(t,x,v), 
as a test function on R-J x K.J, we get 

^ii^ ?ot + M* v] • v rf , ^4 2(R6) + (^xi(g), w^4 (R6) 

where we have used the fact that 
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Applying now Propositions ll2ll331 andll4l we get for N > 6J > 3/2 + 2i + yand \/3\ < N, 

Id 

2dt 



^^st^^il.^cf^We^g) 



% (11/11//^) WgWg*^ + ll/lls^R 6 ) ll£llflf(Jtl«)ll£llaJ f <It«) 

By induction on/3 from \/3\ = 1 to N, the Cauchy-Schwarz inequality implies that 

d~ t ^H?(BL*) + ~Ws\\ S N (m 5 (H/llH f "(R<i) ll^ll S « (R6) + HglltfA^) 11/11^^6) 

+ llsllfltfgyi) + II/H H «(R6) + II^Hs«(R6)| • 



On the other hand, taking /3 = 0, we have 

\j t \\ S \% m + {^w tg \w lg ) Lim 

£ (ll/lltf^) II^II^RO) + ll/lla^) [l5[lt2(R6)ll^llsO(R6) 

+ 11*11^.) + 11/11^6) + 611*11^.)}. 

which together with the coercivity estimate implies that 

\ d j Co 2 f ni 

In summary, we have shown that there exists a constant 770 > such that for N > 6,£ > 

3/2 + 2s + y, 



«-v>« 



^HsII^(r«) + , /oltell^ (R « ) £ {H/IIh«(r 

With the above differential inequality, the same argument for the soft potential applies 
and it leads to the following theorem. 

Theorem 3.5. Let0< s < 1, y+2s > 0,N > 6 J > 3/2 + 2s+y. Assume that g e H^(R 6 ) 
and f e L°°([0, T\; fff (R 6 )) C\ L 2 ([0, T\; <B N ( (R 6 )). 7/g e L°°([0, 7 1 ]; fff (R 6 )) f| 7, 2 ([0, J]; 
S^(R 6 )) « a solution of the Cauchy problem ( 13.71 ), f/zen f/iere eja'sfa eo > smc/; f/;af z/ 



"■> "L"([0,r];fff(R 6 )) + "■^"t 2 ([0,T];Sj'(E 6 )) - £ 0' 




we Ziave 




"^"z,"([0,r];flf(R 6 )) + I^HL 2 ([0,r];Sf(R 6 )) ~ C<? (j^'s^O 


l') + $ T ) 


/or a constant C > depending only on N,( . 





And this yields the local existence of solution by the contraction mapping theorem 
through the standard argument. Therefore, we omit the details for the brevity of the paper. 
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4. Global Existence 



In this section, we derive a global energy estimate for the solution in the weighted 
function spaces. In the soft potential case considered in Part I, we could obtain two types 
of global energy estimates, one for only x derivatives without requiring any weight in the 
variable v and one for both x and v derivatives with weight in v whose order varies with the 
order of v derivative. On the other hand, in the hard potential case, the energy estimate can 
be closed only when both x and v derivatives are taken into account together with weight 
in v. This is due to the upper bound estimate on the nonlinear collision operator given in 
Section 2 where some weighted norms are used. However, the order of weight can be fixed 
in contrast to the case of soft potential. 

Set 



£>N,e 
£>n,c 



\\g\\L, 



llglll^wm^ + IfelljjiVm,, 



H^'llw«n II 3 1 + H^II^AW)' 



IIV*£llI H *- 1(R6) + IfelLgW^ 



) I'" '«H N (M. 3 ) 



liv^ii^_ wi + \\gi\L 



9 1 

where J[ - (a, b, c) with Pg = g\ - (a + v ■ b + \v\ c)n J , and g 2 - g - Pg. 

Let g - g(t, x, v) be a smooth solution to the Cauchy problem (II . 3b - The main goal of 
this section is to establish 

Proposition 4.1. (Energy Estimate) Assume < s < 1 and 2s + y > 0, and let N > 6, 

£>3/2 + 2s + y. Then, 



d 

dt 
holds as long as the solution g exists. 



£>A 



£6$°** 



With this proposition, the standard continuity argument and the local existence assure 
the global existence of solution when the intial data go satisfies that £^(0) is sufficiently 
small. And the above energy estimate will be obtained by using the coercivity, upper bound 
and commutator estimates through the macro-micro decomposition introduced in ||T3l as 
follows. 



4.1. Macroscopic energy estimate. As in lfl"3l . the macroscopic components = (a, b, c) 

satisfies 

V A -c = — d t r c + l c + h c , 

d t c + dpi — —d t ri + U + hi, 

dibj + djbi = -d,nj + l u + hij, i * j, 

d,bi + dta - -d,r bi + l bi + h bi , 

d,a - -d,r a + l a + h a , 



(4.2) 



vmV 2 

,1/2 



v y 2 



ViVjfl' 
Vi/J, 



1/2 
.1/2 



where 

r =(g2,e)r2, l = -{v-^xg2+Zgi,e) I 2, h = (T{g,g),e) I t 9 3 ) , 
stand for r c , ■ ■ ■ , h a , while 

e € span{v,.|v|y /2 , v]^\ Vi vj^ 2 , v,^ 2 ,^ 2 }. 
Same as Lemma 7.2 in |5 ], we have the following property on J{. 
Lemma 4.2. Let d a = &* x , a = a\ + a 2 e N 3 , \a\ <N,N>3. Then, 
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The following lemma is similar to Lemma 7.3 in (5j with some modification regarding 
to the hard potential assumption. Here, we include its proof for the completeness. 

Lemma 4.3. Let d a = d£, <9,- = d M , \a\ < N - \,N > 3. Then, one has 

(43) \\didf*r \\ Ll + \\d a l \\j% < ||ftllfl»ae^(B»)) = A u 

(4.4) ||3^|| L z < IIV^II^II^H^-, + \m\H»\\g2\\Bgofi) 

+ \\g2\\H% r/2 &t)\\82\\!B%&*) ~ A 2- 

Proof. By the Cauchy-Schwarz inequality, 

\\did a r\\ L 2 ( y3 ) = \\(d a V x g 2 ,e) I 2 9 3 ) \\ L 2 9 3 [) < WV x g 2 \y (ffi) < \\g2\\H"®? x ,I*<t%))> 

and 

II^/IIl? < \\(Vxd a g2,ve) L 2 {R 3 ) \\ L 2 (Rl) + ||(a or g2,X , e) t a W J ) II L 2 ae) 

^ II^Vx^lbflR') + P^IIl 2 ^ 6 ) ^ Wg2\\H N (K.l,L 2 (K))- 

Then (O follows because H^ /2+s (R 6 ) c S^(R 6 ) holds by virtue of Proposition E2 We 



shall prove ( 14.41 ) as follows. By Proposition ^. 31 

\&> x h\ < 2 IcrWs.a?*),^!* 2 ll^lbjll 3?«lll IIHI 



or] +ar2=a; 
< 



V (|fl?^i| + ||fl?ftlli? „XI<9?^I + IPMI). 

6 J s+y/2 



Hence 



where 



||^/l|| L 2<||^'^| 2 K'^||| L 2+//, 
H = || \ff?&\ \\\&?g 2 \\\ || L? + || ||^g 2 || L 2 J^^ll || L 2 

+ \\\\d7g2\\^J\d a x 1 g2\\\\\ L i- 

The first term on the right hand of the above inequality can be evaluated by using Lemma 
As for H, when |c*i| = 0, 1, by using Proposition ^. 21 we have 



h < \\^Mm\\g2h« m + Wd7g2\\Hi yl2 ^)\\n\ H - + II^^IIh^^II^IIs^) 

^ II^HfljfeHsgfate) + Hg2llHf +r/! ,(R6)llg2lls»(R6)- 

Similarly, when 2 < \a\ \ < N, we have 

H < \\d a x 'Jl\y\\d a x 2 82\\H^;K(^> + H^'^llHV(^)(ll^lk + Ifells"^)) 

5 II^ILh*IL?2|IsW(R6) + H^2ll//^ /2 (R6)llg2llsW(R6). 

Thus, the proof of the lemma is completed. □ 

The following lemma about the energy estimate on the macroscopic component which 
is also similar to the corresponding one in [5] for the Maxwellian molecule. 



Lemma 4.4. For \a\ < N - 1, we have 

d 

dt 



(4.5) HV^tfl&ggj < ~j{(d a r, V x d a {a, -b, c)) ml) + (8 a b, V^a)^} 



+ WSitjp,^.^^)) + e n,\D n #, 
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where 

E N ,C = lOT^RS) + H^2ll^« (]R 3. L 2 (Il 3 )r DN,{ = l|Vjp?I|| ffW _i (R 3 ) + 2_t H^2llsO(R6)- 

\a\<N 

Proof, (a) Estimate on V x d a a. Let A\, A 2 be those defined in Lemma l4~3l From ( 14.2b (iv), 

= (d a (-d,b -d,r + l + h), V^a)^^ 
^/Ji+C^+A^ + ^IIV^all^. 
Here, 

R 1 = -(9'8J> + 3Pd t r,VjF'a) m g i 

= -J t ( da ( b + r), Vx3 ff fl) L2(R 3) + (V^fc + r), d t d a a) L2(Rl) 

~ ~Jt (d " (b + ^'^"Wi) + C v Q\V x d a bf L2(Ml) +Al) + nWdtdTaf^y 

(b) Estimate on V x d a b. From (|472l > (iii) and (ii), 

A A .<9>' + dfd *,- = J] djd a (djbj + dibj) + 3^(28^ - J] fl,fy) 

= did a (-d,r + l + h), 
llV^ftll^ + \\did a b\\ 2 L2(M?x) = -(A,3% + <9?3°^, d a b) L2(Rl) =R 2 + R 3 + #4, 
where 

r 2 = (a t dfr,d i ff'b) I?0S) = ^(.err.dwiwto + (dfadtaPb)^ 

< l^r^i)^ + C„A2 + i/Hfl^ftll^, 
/? 4 = -(8'h,d0'b) im) < C n A\ + r,\\did a b\\l 2(Mly 

(c) Estimate on VJfc. From ( |4.2| i (i), 

l|V^°e||^ = (V^c, V^c^gg) = (3 ff (-3,r + / + A), V x 3V) l2(r3) 
<* 5 +C,(A?+^) +771^3^11^, 
where 



d 



R 5 = -(S^r.V^c)^^) = --(^.V^c)^ + (V x d a r,d t d a c) Ll(9i 



dt 
d 



(d) Estimate on d t d a J[. We directly have 

113,3^11^^) = P«3 t Pg|| L2(R 6 v) 

= ||fl"p( - v • V x g - £g + r(g, g ))\\ L2(Kv) 

= \\d a P(v V^)|| L2(Riv) < \\V x ff*M\\ L ml) + H v ^^2ll L 2 (Rt) . 
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Combining all the above estimates and taking rj > sufficiently small, we deduce 
IIV^^H^ < -j t {(rr,V x d a (a,-b,c)) LHm + (d a b,V x d a a) L2{Rl) } 

+ A\+Al + \\V x d a g 2 \\ 2 LHKry 



Finally, by choosing \a\ < N - 1 and using Lemma 1431 we obtain 

A\+A 2 2 + \\Vxd a g2\\ 2 L 2 (¥ < ]v) < ll^ll^^.^^,) + E NA D Nfi , 

which completes the proof of the lemma. □ 

4.2. Microscopic energy. The energy estimate on the microscopic component will be 
given in two parts, that is, one without weight and another one with weight as follows. 

Microscopic energy estimate without weight. In this subsection, we shall prove the fol- 
lowing estimate with only ^-derivatives of the solution. 

Lemma 4.5. Let N > 3. Then, 

(4-6) -E m + D m < E^ +y/2 D Nfi . 

Notice that this is not a closed estimate because of the presence of £V,. s+y /2 on the right 
hand side. Since s + y/2 > 0, this is exactly why we can not prove global existence with 
only differentiation in x variable. 

For the proof, let a e N 3 , lal < N, and apply d a - d" to (11.3b to have, 

d,(d a g ) + v ■ v x (d a g ) + £(d a g) = d a Y{ 8 , g ). 

Then take the L 2 (R* ,,) inner product of the above equation with d a g. By Proposition 12. 11 
we have 

(4.7) |» s °^ffi.) + lirafcgai.) *•*» 

where 



j a = (d a T( g , g),d a g ) L ? m = Yj(d a r( gi , gj ),d a g 2 ) 



L 2 (R 6 ) 



U=i 



Remember that we are dealing with the case when < s < \,y + 2s > 0. Firstly, 
consider J 1 - \ For \frj e TV, 

|/ (11) l< f \d a m 2 \\{m J ,iif k ),d a g 2 ) L 2 m \dx. 

Jr 3 
According to Theorem 1.2 of Q, we have, 

XTtyj, ^), SFgiip^ <{\Wj\\ L 2 \Wk\\\ + \m\ L 2 \Wj\\\)\\\d a g2\\\ 

\ s-ry J A s-r~y l A / 

< \Wgz\W, 

and hence 

\J I 5 \W${ \\o(K?)\W glWg*^) ^ H V ^ [ llH?- 1 (R 3 )ll^llH?'- 1 (R 3 )ll^ a '^2lls|;(IR6 ) 



'k\ 
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On the other hand, 

y (12) ~ f {d^m){m k ,dfg 2 ),d a x g 2 ) L 2^ ) dx. 

Jrj 
In view of Theorem 1.2 of [7 1, we obtain 

\(r^ k ,d7g 2 ),d a x g 2 ) L 2^ ) \ < {m\ Ll j\d?g 2 \\\ + \\d? g2 \\ L 2ju 
+ mm(\\M\ L 2\\d a /g 2 \\ L 2 ,m\y jia?wlli?))lll^2lll 

s+y/2 s+y/2 J 

< {\\\d?g 2 \\\ + ll^llz^Jllfelll 
5 W\d7g2\\\ \\\d a xg2 \\\. 
Here and hereafter, we will use freely that 

iisiiz? * \\g\y a s iii^iii. 

s+y/2 

The first inequality above holds since we assume s + y/2 > and the second one follows 
from Theorem 1.2 of [7|. By using Proposition ^. 31 



|/ 12) l < iia^i infill lifelike s E]llD Nfi . 

Jul 
A similar argument applies to 

Ji21) ~ ^ 2 ^ {Y ^S2,n\d a x g 2 ) L 2 {n) dx. 

In fact, Theorem 1.2 of [7| gives, 

\{nd^ g2 , n ),d a x g 2 ) L 2 (n) \ < ^g 2 \\ q+ jmw + u k \\ Ll j\d7g 2 \\\ 

+ min(\\d a x 'g 2 \\ L 2\\M L 2 \\&?g 2 \\ L 2 J|^|| L 2))|||3^2lll 

s+y/2 s+y/2 / 

z (\\dfg2\y n + ii&HDiifeiii 

s+y/2 

< \\\d a x l g 2 \\\ \\\d a xg2 \\\. 
Therefore, similar to 7^ 12) , we have 

|7 (21) | < E^Dma. 
For the estimation on 7 (22) , from Theorem 1.2 of Q again, we have 

\(T(d^g 2 ,d?g2),d a x g2)^ m \ * \\Kg2\y J\d?g2\\\ + \W l g 2 \\\ \\d a /g 2 \\ L 2 

' ' \ s+y/2 s+y/2 

+ nrin(||3? ft lb ||S?g 2 lb n . m'82\y , J|S?ftlb)} »alll 

s+y/2 s+y/2 I 

£ {\\dVg2hlJ\d?g2\\\ + \\W?g2\\\ Wd?gi\y + J W x 82\l 
Firstly, suppose that |ai| < N -2. Then 

|y (22) i = \(m; t g2,d x !>g 2 ),d x :g2)mm\ 

Z\W?g2h-(P „) f PMIIIfeP*+IIPMIIk ? f l|5?Wlli; /2 » 2 |||<fc 

■< +r/2 Jr3 " Jm? ■' +r/2 
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Similary, when |ari| > N -2, we have \ai\ < 1 so that 

\J (22) \ < mg2\\ Lfi i? ;2 > f w:<g2\\\\\\d a x g2\\\d X + \\\\\d?g2\\\\\L? f \\apg2\y , 2 W x g2\\\dx 

' ■' +r/2 JR3 Jr3 i+7/2 

^ E N,s+y/2 D >ffi- 

Taking the summation of ( 14.7b over |a| < N,N >3 gives ( 14.61 ). 

Microscopic energy estimate with weight. In order to close the estimate ( 14.61 ). we need 
the estimates of x-v derivatives of the solution with weight. Firstly, let di - d a x Sr v , \a +ji\ < 
N,N>6, and apply W t d a p {l - P) to (Oi l. We have 

d t (w { d« g2 ) + v ■ v x (w ( d«g 2 ) + Zi(Wtd% g 2) = M afi , 

where, with e-, e N", |e,| = 1, 

N 

M aJ} = W^rfc g ) + WtSQP, v ■ V x ]g - J] d Xi (W ( d a p _ ei g 2 ) - [Wttf, Xi]ft - w«^2g2 

1=1 
= Mi + M2 + M3 + Ma + M5. 

Take the L 2 (R. 6 X ,,) inner product of this equation with Wcd a „g2 to deduce 

(4.8) £. md * g2 f L2m+D < M7 
where D is the dissipation rate given by 

d = J 3 |||(i - P)WW£g 2 IH 2 «fc > llw^ 2 || s o (R3) - qiftll^,). 

Here, we have used 

ww t d a pg2 \\\ < \\d a g 2 \\ L 2. 

And M is defined by 

5 5 

M = ^(My, WWgftW) = J] ^/. 

J=l 7=1 

Firstly, note that from Propositions 2.3 and 2.5, we have 

(4.9) \(W t T{d p J, d P2 g), h) L 2 m \ < (llW^^/lb^HIW^/^lll 

+ W s+y i 2 d h g\\ LHm IIIW^/IllJlPHI. 
Write 

Mi = Yj (Wtdfilgi, gj),W e d%g 2 ) L 2 m = Y, M W- 

/,/=!, 2 ;,/=i, 2 



We have 



Mm = (WWgT(gi, gi),W^2)i?(R«) 

(d ai W 2 j?0(w^r(^, ^), w^ 2 ) L 2 (R3) ^. 



Recall that by Leibnitz formula, the differentiation on F involves the nonlinear operators F 
and T. Since these two operators share the same upper bound and commutator properties, 
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for brevity, we only consider the nonlinear operator T. By using (14.91 ). since ip is a function 
with an exponential decay factor, we obtain for \f}\\ + \p 2 \ < \/3\, 

Therefore, 

Mm ~ f (d^mV z m\W { &Zg2\\\dx 

Now consider 

M„ 2 = (Wid p T{g x ,g2\Wed a p g 1 ) L i ( ^ ) 

~ J(d a 'JD(w e dpr^j,d^g2), w t d a p g 2 ) L 2 (m dx. 

By gj), 

< (llW^/zSft^l^jlHWiogftlll + \\W s+y/2 d2g2\\L^) \\\W € d^j\\\)\\\W € d^g 2 \\\ 

< \\\Wid%g2\\\ \\\w,a^g 2 \\\, 

where we have used 

l|WW2^S2lb(R3) < \\\W { d a / 2 g2\\\. 

Thus, 

Mi 12 < WM^mWgiWL- 

Next, notice that 

Mm = {W e d a fi T{g2,gx\Wid a p g2) L 2^ ) 

~ J^mW i d fS T(d^g 2 , ijxj), W { d a p g 2 ) L 2 (m dx. 

As above, ( |4.9t yields 

< (Ws+y^gzh^Wtd^ + \\w s+r ,2d e2 i/fj\y m \\\w t af l g2\\i}\\\w e s^g 2 \\\ 

< {\\W s+r , 2 3%lg 2 \\ LHm + IIIW^^IIlJlllW^zlll 

< IIIW^zlll IIIW^zlH, 

where we have used ||W.s+ r /2gllL2(R3) < |||W>g|||. Consequently, 

Mm < ll^ll^^lfellsw^). 
It remains to evaluate 

Mi 22 = (w e d%r(g 2 ,g 2 ),w € d% g2 ) L 2 m . 

For this, we can apply Proposition l3.2l to have 
In conclusion, we have proved 



M122 < IfeM^INlL^y 



M, < 6 l 'tDl,*. 
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By using integration by parts and taking into account that s + y/2 > 0, we get 
M 2 < \(Wtd%\P, v ■ V x ]g, W { d%g 2 )i?m\ 

< dia°V»?l|lL>(R') + \W^xg2h?Ofi)>\Wglh?(ffi) 
£ SoWMuK-igey + C So\\82\\ HN{RlL 2 (V 3 )y 

where 60 > is a small constant. 
Similarly, For 1 < |/3| < N, 

M 3 < WtSfcfahw) \\W € d%g 2 \\ L 2 m < C d \\d«:lg2\\^ [(m +6\\g2\\l ?(m , 

where 6 > is another small constant. 

The main ingredients of the estimation on M\ are the commutator estimates / and // 
which are defined in the proof of Proposition 4.8 in Q. Note that they are valid in general 
for y > -3 so that the estimates there can be used here. That is, 

|/| = \([Wt,-Ci]g,W { g) L 2 (Ri) \ < Wegt L ^ m . 

\n\ = \{WAdp,Zi\g,w i d li g) I 2 9?) 

< 2 mndpy^d^d^xwedpg)^ 

01+02+03=0, 02*0 

< ( X WtdjhgWWjWtdpglW*,. 

With this, later we also need the following interpolation inequality 

WWtdphM&ZCeWdfMi? +S\\W € d p h\\ L 2 n < C 6 \\\dph\U 7 + SWtdphWl^. 

y/2 s+y/2 s+y/2 r ' 



For the term M4, using PropQsition |3.4| 

M 4 < \(iW t 3^,j:{]g2,Wt3^g^ I ^ ) \ 

£ (\\g2\\ H ^m + 2j ll<5^,?2lls?(R 3 ))l^2ll s w+w 

\a'\=\aW\=W-l 

Finally, in view of Proposition |3.3l we have 

M 5 = \(W^£ 2g2 , W t 8flg2) L 2 (m \ < \{d%Z 2 g 2 , W 2{ d%g 2 ) L 2 m \ 

< C\\g 2 \\H^(R<> ) \\lJ. l/m W2cd' l ! ! g2\\l2(M.<>) £ llg2lltfH + |si (R 6 r 

Now interpolation inequality 

ll^llgW+W + llg2llflk>M9l(R«) < <%2ll B M+0 +C S 2^ Wdp'glWso ■ 

\a'\=\a\+l,]J3'\=]J3\-l 

Plugging all these estimates to (14.81 1 and fix the small constant S with respect to the 
coefficient in front of the dissipation rate, we have for \/3\ + 0, 

|llw^ 2 ||2 2(R6) + \\w t ^ g2 \y o 

* fe2ll HA . (M 3 iL2(M 3 )) + S N j£>N,e 

\a'\=\a\ + l,\fi'\=\/3\-l 

By induction on \/3\ and \a\ + \/3\, we have 

(4. 10) j& N/ + D N , e < \\g2\\ 2 HmlLm})) + 6 \Wxml*-i m + G]$Z>n*. 
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Taking a suitable linear combination of the estimates ( 14. 51) . ( 14. 61 , and ( 14.10b . we then 
conclude Proposition [4T| And this completes the energy estimate on the solution so that 
the global existence follows in the standard way for small perturbation. 



Acknowledgements: The research of the first author was supported in part by Zhiyuan 
foundation and Shanghai Jiao Tong University. The research of the second author was 
supported by Grant-in- Aid for Scientific Research No.22540 187, Japan Society of the Pro- 
motion of Science. The last author's research was supported by the General Research Fund 
of Hong Kong, CityU No. 103 109, and the Lou Jia Shan Scholarship programme of Wuhan 
University. The authors would like to thank the financial supports from City University of 
Hong Kong, Kyoto University, Rouen University and Wuhan University for their visits. 



References 

[1] R. Alexandre, A review of Boltzmann equation with singular kernels. Kinetic and related models, 2-4 (2009) 

551-646. 
[2] R. Alexandre, L. Desvillettes, C. Villani and B. Wennberg, Entropy dissipation and long-range interactions, 

Arch. Rational Mech. Anal, 152 (2000) 327-355. 
[3] R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Uncertainty principle and kinetic equations, / 

Fund. Anal, 255 (2008) 2013-2066. 
[4] R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Regularizing effect and local existence for 

non-cutoff Boltzmann equation, Arch. Rational Mech. Anal, 198 (2010), 39-123. 
[5] R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Global existence and full regularity of the 

Boltzmann equation without angular cutoff, to appear in Comm. Math. Phys ■ 
[6] R. Alexandre, Y Morimoto, S. Ukai, C.-J. Xu and T. Yang, Global well-posedness theory for the spatially 
inhomogeneous Boltzmann equation without angular cutoff, C. R. Math. Acad. Sci. Paris, Ser. I, 348 (2010) 
867-871. 
[7] R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Boltzmann equation without angular cutoff in 

the whole space: I, global existence for soft potential, to appear in /. Fund. Anal. 
[8] R. Alexandre, Y Morimoto, S. Ukai, C.-J. Xu and T. Yang, Qualitative properties of solutions to the Boltz- 
mann equation without angular cutoff, preprint. 
[9] C. Cercignani, The Boltzmann equation and its applications, Applied mathematical sciences, 67, Springer- 
Verlag, 1988. 
[10] R. J. DiPerna and P. L. Lions, On the Cauchy problem for Boltzmann equations: global existence and weak 

stability. Ann. Math., 130 (1989), 321-366. 
[11] H. Grad, Asymptotic Theory of the Boltzmann Equation II, Rarefied Gas Dynamics, J. A. Laurmann, Ed. 

Vol. 1, Academic Press, New York, 1963, 26-59. 
[12] Y Guo, The Landau equation in a periodic box. Comm. Math. Phys., 231 (2002) 391^134. 
[13] Y Guo, The Boltzmann equation in the whole space. Indiana Univ. Maths. J., 53-4 (2004) 1081-1094. 
[14] P.-T. Gressman, R.-M. Strain, Global classical solutions of the Boltzmann equation with long-range inter- 
actions. Proc. Nat. Acad. Sci, 107 (2010) 5744-5749. 
[15] P.-T. Gressman, R.-M. Strain, Global strong solutions of the Boltzmann equation without angular cut-off. 

Preprint arXiv:0912.0888vl.pdf 
[16] C. Mouhot and R.M. Strain, Spectral gap and coercivity estimates for linearized Boltzmann collision oper- 
ators without angular cutoff, /. Math. Pures Appl. (9) 87 (2007), no. 5, 515-535. 
[17] Y P. Pao, Boltzmann collision operator with inverse power intermolecular potential, I, II. Commun. Pure 

Appl. Math., 27 (1974), 407^128, 559-581. 
[18] S. Ukai, Solutions of the Boltzmann equation, Pattern and Waves — Qualitative Analysis of Nonlinear Differ- 
ential Equations (eds. M.Mimura and T.Nishida), Studies of Mathematics and Its Applications 18, pp37-96, 
Kinokuniya-North-Holland, Tokyo, 1986. 
[19] C. Villani, A review of mathematical topics in collisional kinetic theory. Handbook of Fluid Mechanics. Ed. 
S. Friedlander, D.Serre, 2002. 



18 R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG 

R. Alexandre, IRENAV Research Institute, French Naval Academy Brest-Lanveoc 29290, France 

AND 

Department of Mathematics, Shanghai Jiao Tong University 

Shanghai, 200240, P. R. China 

E-mail address: radj esvarane . alexandre@ecole-navale . f r 

Y. Morimoto, Graduate School of Human and Environmental Studies, Kyoto University 

Kyoto, 606-8501, Japan 

E-mail address: mor imotoOmath . h . kyoto-u .ac.jp 

S. Ukai, 17-26 Iwasaki-cho, Hodogaya-ku, Yokohama 240-0015, Japan 
E-mail address: ukai@kuri.ms . kyoto-u .ac.jp 

C.-J. Xu, School of Mathematics and statistics, Wuhan University, 430072 Wuhan, P. R. China 

AND 

Universite de Rouen, UMR 6085-CNRS, Mathematiques 

Avenue de l'Universite, BP. 12, 76801 Saint Etienne du Rouvray, France 

E-mail address: Chao-Jiang . Xu@univ-rouen. fr 

T. Yang, Department of mathematics, City University of Hong Kong, Hong Kong, P. R. China 

AND 

School of Mathematics, Wuhan University 430072, Wuhan, P. R. China 
E-mail address: matyang@cityu.edu.hk 



